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ABSTRACT

Nowadays there are various implementations regarding the surface and curve sharpening or
smoothening are in progress. We also worked on it with the reference of Bezier curve, in most of the
case, either cubic Bezier curve or 4- degree Bezier curve is used. The existing solution prevails to find
the parametric value for a lower degree curve and the method is reverse engineering. The aim of this
paper is to present a software system for drawing a Bezier curve of any n-degree and to find out the
parametric value t for a known point P (t) on any n-degree Bezier curve. We called it as inverse point
solution of Bezier curve. We implemented this technique in Matlab. The inverse point solution is the
mathematical technique to make n-degree curve tracing advance and simple. The use of metamodels or
surrogate approximations in place of actual simulation models makes analysis realistic by reducing
computational burden.
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1 INTRODUCTION 1970’s. Bezier curve is widely used in many field

such as industrial and computer-aided design,

The concept of Bezier curve was developed by vector-based drawing, font design (especially in

Pierre Bezier in the 1970’s while working for
RENAULT. The Bezier curve is the parametric
curve which is defined by minimum of three
control points consisting of an origin, an endpoint
and at last a control point. Unlike straight lines and
circles where one of the variables can be set to
discover a point on the line, with Bezier curves you
sample as many times as required from ¢ in [0,1] to
obtain that many points. Each of these points
returned is a function of the control points on the
origin and endpoint. [6]-[7]

Bezier curve originally introduced by Paul De
Casteljan in 1959. But it becomes famous shape
only when Pierre Bezier, a French engineer at
RENAULT, used it to design in automobiles in the

postscript font) and 3D modeling.

Mathematically, a parametric Bezier curve is
defined by

B(t) = Xizo PiJni(0)

Where nth order Bernstein equation or blending

function is
i@ =t @A-®D  ..(@2)
Where ('l‘) = —i!(:ii)!, & i=0..nun..m

The most commonly used Bezier curve of third
order are fully defined by four control points,
which represent as,
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B (t) = (1-t) p0 + 3(1-tP t p1 +3(1-t) 2p2 + £ p3

Where p0, p1, p2, p3 are the control points.

So the interesting thing about Bezier curve is that it
is easy to work with theoretical program. There’s
only one problem is that the curve does not passes
through control point [1]. The curve actually lies in
convex hull of the control point. This means that
the control points may not lie on the curve, which
makes calculating tangent and normals (for use in
3D trigonometry) tedious. [6]

2 PROBLEM DESCRIPTIONS

What we want to do is to define four points and
have a Bezier curve passing through all four
points. Basically, given the four original points q0,
ql, q2 and q3, we will find four points p0, p1, p2
and p3 such that the Bezier curve calculated using
points p(@i), will pass through the points q(i). So
going back to the equation (3) above, when t is
zero, the equation effectively collapses into just p0.
When t is one, the equation gives p3. When t is
between zero and one, the resulting point lies on
the curve itself, so iterating t from zero to one will
give the Bezier curve. Since we know the curve
will pass through p0 and p3, we need to find pl
and p2.

I31 Pz

p
0 Pa

Fig.1 3 degree Bezier curve

Suppose we want the curve to pass through p0
when t=0, f when t=u, g when t=v and p3 when t=1,

Where f and g are the points to be passed through.
Next, we make sure that 0 < u, v <1 and u not
equal to v. These conditions will ensure a solution
can be found. Next, we substitute the desired
points into the equation:

f=(1-u)’p0 + 3(1-u)?u p1 + 3(1-u) u2p2 + W p3
g=(1-v)*p0 + 3(1-v)>v pl1 + 3(1-v) v2p2 + v*p3

The two equations are then simplified into

3(1-u)?u pl +3(1-u) w>p2=c
3(1-v)2vpl+3(1-v) v2p2=d

Where
c=f—-(1-upp0-up3
d=g-(1-v)’p0-v3p3

We are assuming that u = 1/3 and v = 2/3, but they
can be any value as long as 0 <u, v <1 and u not
equal to v (and logically u <v). It is likely that f is
somewhere 1/3 of the way between p0 and p3, and
that g is somewhere 2/3 of the way between p0 and
p3. But it's not a given, so we still need to
determine that. 1/3 and 2/3 just happens to be the
“logical, and common-sensical” default.

This set of equations has a unique solution when 0
<u, v<1 and unot equal to v, and assuming ¢ and
d aren’t both zero vectors. The equations have a
unique solution because the determinant is not
zero. Let’s transform the set of equations into
matrix form before explaining what a determinant

is

3u(l —w)? 3(1-—wu?|(pl\ /c
32(1 — :)2 3(1 - Z)ZZI <p2) B (d)

The determinant for the above 2 by 2 matrix on the
left-most side is

3(1-u)2u * 3(1-v) v2 = 3(1-u) u2 * 3(1-v)2v
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Factorising this, we get
=9uv (1-u) (1-v) [(1-u) v — u (1-v)]
=9uv (1-u) (1-v) [v—uv-u+uv]

= 9uv (1-u) (1-v) [v - u]

Since 9 obviously is not equal to 0, and 0 <u, v<1
(so u, v not equal to 0 and (1-u), (1-v) not equal to
0) and u not equal to v (so v-u is not equal to 0),
therefore, the determinant is not equal to 0. By a
theorem in linear algebra, this means the set of
(linear) equations has a unique solution. For a 2 by
2 matrix, the determinant can be obtained by
taking the product of the top-left element and
bottom-right element, then subtract the product of
the top-right element and bottom-left element, like

drawing a cross.

Next, we multiply the inverse of the 2 by 2 matrix
on the left of both sides of the equation and we get

(Pl) B L[ 31-v)v? -3(1- u)uz] (c)
p2) ~ det|-3v(1-v)2 3u(l-u)? |\d

Note that inverse will cancel the matrix on left
side. The inverse of( 2 by 2 matrix) is obtained by
swapping of top left and bottom right element, and
then divide each element by the determinant. The
determinant is non zero so division by zero is not a
problem. A non- zero determinants means an
inverse actually exist (by another theorem in linear
algebra), so all of this works out.

2.1 PROBLEM WITH EXISTING SOLUTION: -

The method is appropriate for lower degree
curves, but it becomes a very tedious task to solve
the equation if degree of curve is higher.
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The determinant of an n by n matrix is generally
difficult to find, as is the inverse of one. Refer to a
linear algebra text book for the theories (they
usually wuse a method called Gaussian
elimination). The programmatic approach uses a
slightly modified version to reduce computational
errors and easy to demonstrate a (n) degree Bezier
curve having (n+1) control points and an easiest
way to find out the parametric values of t which
specifies in above equation (3).[5]

2.2 PROGRAMMABLE APPROACH:-

We have developed a programme in Mat lab to
solve a problem regarding the drawing of any
degree of Bezier curve and also after drawing we
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Inverse Point Solution of Bezier Curve
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have to find out the parametric values, so we
develop a programme in a way that after drawing

Bezier curve everyone can also find out the
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Inverse Point Solution of Bezier Curve

Fig.2 graphic space with degree specification dialogue box
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2.2.1 FOR A 3 DEGREE BEZIER CURVE: -
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Here we draw a Bezier curve of 3 degree using
Matlab. Higher degree Bezier curves with their
parametric values are shown on next page. In fig.2
we can see the graphic window with degree
specification dialogue box. In fig.3, 3 degree Bezier

curve gets generated after running the program the
red curve shows the Bezier curve and the blue dot
on it shows the nearest parametric value of that
curve at that point, dot which appear outside the
red curve shows that the point does not exist on
curve in fig.4 respected values of control polygon
vertices are shown in the form of matrix which is

program part. [2][4]

Fig.4 data sheet saved in matrix form with

parametric values
oo et e m e e ——o0d

Fig.7 50 degree Bezier curve such
as Bezier Curves, B-Spline curves etc. For tinding
the value of parametric variable corresponding to a
given point on the curve. This programme make
Fig.5 15 degree Bezier curve tric value of
) . vas a main
problem with existing solution using reverse
engineering technique and also helpful in surface

generation
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